Phantom Inflation in Little Rip 
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We study the phantom inflation in little rip cosmology, in which the current acceleration is driven 
by the field with the parameter of state w < —1, but since w tends to -1 asymptotically, the rip 
singularity occurs only at infinite time. In this scenario, before the rip singularity is arrived, the 
universe is in an infiationary regime. We numerically calculate the spectrum of primordial pertur- 
bation generated during this period and find that the results may be consistent with observations. 
This implies that if the reheating happens again, the current acceleration might be just a start of 
phantom inflation responsible for the upcoming observational universe. 
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I. INTRODUCTION 

The phantom field, in which the parameter of the equa- 
tion of state w < — 1, has still acquired increasingly at- 
tention m, inspired by the study of dark energy, e.g. 
0,1, mM , 111 ,01 ) B . . [l3| ■ The actions with phantom- 
like behavior may be arise in supergravit v 11 ill , scalar ten- 
sor gravity [T^] , higher derivative gravity [iJl . braneworld 
|14| , string theory [l^ , and other scenarios [ig, [Tj] , and 
also from quantum effects [1^. The universe driven by 
the phantom field will evolve to a singularity, in which 
the energy density become infinite at finite time, which 
is called the big rip, see Refs.[ll,[i3],[2l|,[23,[ll,[2l for 
other future singularities . 

Recently, the little rip scenario has been proposed [23| , 
in which the current acceleration of universe is driven by 
the phantom field, the energy density increases without 
bound, but w tends to -1 asymptotically and rapidly, 
and thus the rip singularity dose not occur within finite 
time. This scenario still leads to a dissolution of bound 
structures at some epochs |25l . |26| . which is similar to 
the big rip, however, in little rip scenario, the universe 
arrives at the singularity only at infinite time. This has 
motivated some interesting studies [23|, and also asymp- 
totically phantom dS universes or pseudo-rip |28|.|29|. 

The simplest realization of phantom field is the scalar 
field with reverse sign in its dynamical term. In little 
rip scenario, initially w < —1, the energy density of the 
phantom field will increase with time, and arrive at a high 
energy scale at finite time, and at this epoch the phantom 
field has w ~ — 1. Thus after some times or before the rip 
singularity of universe is arrived, if the exit from the little 
rip phase and the reheating happen, the inflation, which 
is driven by the phantom field, in little rip phase might 
be responsible for the upcoming observational universe. 

The phantom inflation has been proposed in [30|, and 
also in [HI , [H , [H , 'si^ , [35| , @] , [33 , [38^ , [3?| . Recently, 
there has been a relevant study in modified gravity [40|. 
In phantom inflation scenario, the power spectrum of cur- 
vature perturbation can be nearly scale invariant. The 



duality of primordial spectrum to that of normal field in- 
flation has been studied in [3l|, |4l| . The exit from the 
phantom inflation has been studied [30] , (sj , [3g] , [331 , 1S3 ■ 
The spectrum of tensor perturbation in phantom infla- 
tion is slightly blue tilt [30], [42], which is distinguished 
from that of normal inflationary models. 

Here, we will argue that after a flnite period of the 
little rip phase the universe might recur the evolution of 
observational universe. We will calculate the spectrum 
of primordial perturbation during the phantom inflation 
in various little rip phases, and find that the spectrum 
may be consistent with observations. We discussed the 
implication of this result in the final. 



II. THE PHANTOM INFLATION IN LITTLE 
RIP 

In little rip phase, initially w < ~1, the energy density 
of the phantom field will increase with time, and arrive 
at a high energy scale at finite time, and at this epoch 
the phantom field has w ~ — 1. Here, we actually re- 
quired that before w ~ — 1, the phantom field must have 
arrived at a high energy regime, which assures the occur- 
rence of inflation. In general, this can be implemented 
by introducing a monotonically increasing potential of 
the phantom fleld. 

The phantom field satisfies the equations 
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where Mp/Sn — 1, and the dot is the derivative with re- 



> requires that in all 
^ must be smaller than 



spect to the physical time t 
case for the phantom evolution 
its potential energy. The phantom field will be driven 
to climb up along its potential, which is reflected in the 
minus before V^ term. We deflne the slow climbing pa- 
rameters [sol, as for normal inflation. 
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Thus the equation of state is 

2 . 

Wpha — T^^Pha — ^- 
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H(f> 
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FIG. 1: The evolutions of w with the time for V{(j)) ~ 4>^ 
(solid line) and (j)'^ (dashed line), respectively, where (f> is the 
phantom field, which is initially around the bottom of its po- 
tential. 



We consider the monotonically increasing potential of 
the phantom field as V{4)) ~ (f)^ . The phantom field 
initially drives the current acceleration, and is in low en- 
ergy regime with w ~ — 1. Then the field will climb up 
along its potential, w will rapidly deviate from —1 during 
this period. However, when the phantom field climbs to 
(/) ~ 1, \epha\ ~ 1- Hereafter, the conditions \epha\ < 1 
and \Spha\ < 1 are satisfied, since 




FIG. 2: The sketch of the exit from little rip phase, (p is the 
phantom field, while ip is the normal waterfall field, as that 
in hybrid infiation [43|,[4J|. Initially (f> is at the bottom of 
its potential, which then climbs up along its potential. The 
effective M^ of ip is initially positive, which will gradually de- 
crease with the increasing of (j). When ip becomes tachyonical, 
and V will rapidly roll down along its potential. Thus at this 
time almost all energy of (p will be released. 



III. THE SPECTRUM OF PRIMORDIAL 
PERTURBATION 

A. Basic results 
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which is smaller for larger 0. Thus w ~ — 1 is obtained 
again, which is the phantom inflationary phase, since the 
phantom field is in high energy regime. Thus in the little 
rip cosmology, it is generally that before the the universe 
arrives at the singularity, it will enter into a period of the 
phantom inflation, up to the singularity at infinite time. 

The evolutions of w are plotted in Fig [T] for the poten- 
tial (j)^ . The result is consistent with above discussions. 

However, it is possible that some times after the en- 
ergy density of the phantom field arrives at a high energy 
scale, or before the rip singularity of universe is arrived, 
the energy of field will be released, and the universe re- 
heats, after which the evolution of hot "big bang" recurs. 
The exit mechanism in Ref. 30] is depicted in Figl2] 

However, before the phantom field arrives at the high 
energy regime responsible for infiation, if the exit from 
the little rip phase or the reheating happens, the phan- 
tom inflation will not exist. Thus whether the phantom 
inflation occur will depend on the exiting scale from little 
rip phase. Here, we require this exiting scale is at least 
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10 is the inflationary 
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energy density. Before this, the current bound structures 
have disintegrated, see Appendix A. 



We will calculate the spectrum of curvature perturba- 
tion during the phantom infiation. We define |45|.|46| 



-zU 



(6) 



where TZ is the curvature perturbation, and z 
a^'2.\epha\- 

The motive equation of Uk in the k space is 



Wk = 0, 



(7) 



where the prime is the derivative with respect to confor- 
mal time. In general, when fc^ 3> z" / z, the solution of 
perturbation is 
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The —^ is obtained by the normal quantization of mode 
function Uk, which seems illogical for phantom field, since 
there is a ghost instability induced by e < 0. However, 
it might be thought that the evolution with w < —1 
emerges only for a period, which may be simulated phe- 
nomenologically by the phantom field, while the full the- 
ory should be well behaved. It has been showed in 
Ref. W3 that e can be replaced with leL due to the intro- 
duction of generalized Galileon field [48|,[49|, there is not 
the ghost instability, the perturbation theory is healthy. 



While fc^ ^ z"/z, the dominated mode is 



Mk ^ 2 



(9) 



which means that the curvature perturbation |7?.k| 
JMk/^l is constant in this regime. 

The power spectrum Vnik) is defined as 



and is given by 
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In slow climbing approximations |ep?ia| *^ 1 and 

\5pha\ < 1, 



7^4/^ = 
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where the spectral index is 
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Noting the spectral index is only determined by epha 
but not its absolute value, since we have |ep/ia|'/|£ph.a| = 
^'phal^Pha and \epha\" /\epha\ = ^phal^Pha in the calcu- 
lation of ^—. 

z 

This spectrum may be either blue or red. The re- 
sults are dependent on the relative magnitude of epha 
and 5 Pha, see Ref.[3(^ for the details. 

In big rip scenario, the big rip singularity requires 
wpha < —1, the primordial spectrum obtained is not 
scale invariant, unless wpha is not far from —1. While 
in little rip cosmology, wpha tends to -1, thus with the 
increasing of time we certainly have |ep/ia| <C 1, which 
naturally insure the scale invariance of spectrum. 



where ^— is only the function of H and its higher order 
derivative with respect to a, which here will be deter- 
mined by the numerical calculation. 

It has been clearly explained in Refs.'25], 26] that be- 
fore the rip singularity is arrived, the little rip uni- 
verse experiences the disintegration of bound structures. 
Hence, actually in finite time, the universe becomes to- 
tally empty. However, the asymptotical behavior of the 
evolution of a is significant to determine the character of 
perturbation spectrum generated during this period. 

The solution of Eq. (ITB|) is only determined by the be- 
havior of a. Thus in principle, for any parametrization of 
a depicting the little rip phase, the corresponding power 
spectrum can be calculated. The details of the imple- 
ment of field theory dose not significantly alter the result 
of Eq. dTS]) , unless its speed of sound is rapidly changed. 
Below, we will focus on some interesting parametriza- 
tions of a. We will study some cases with the phantom 
potential in Appendix B. 

We firstly consider the parametrization of little rip in 
Refs.m,!!! 
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H = Hoe 
where Hq and A are constant, which implies 
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Thus It; ~ — 1 for At S> 1, and there is not curvature sin- 
gularity at finite time. In Ref. |25| . in low energy regime 
the parameters chosen can make a best fit to the latest 
supernova data. However, we are interested in the evo- 
lution in a high energy regime with w ~ —1, in which 
At> 1. 
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B. Numerical results 



Here, we will calculate V-r by evolving the full mode 
equation ([7]) numerically without any approximations. 
We define a = In a, and with this replacement, we have 



50 - 



Hn 



-HK, 



(14) 






'IT 



■3)0o 



ij2 



14 = 0. 



(15) 



where the subscript a is the derivative for a, which will 
facilitate the numerical integration. The perturbation 
equation ([7]) can be written as 
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FIG. 3: The evolutions of H in Eg . (IT7)l for A = 0.1 (the dashed 
line), 0.05 (the dotted line), 0.02 (the solid line), respectively. 

The evolution of H with this parametrization is plot- 
ted in Figl3] The power spectrum is plotted in FigH] It 
seems that the spectrum is nearly scale invariant only for 
small A. However, this result is dependent on the time in- 
terval selected. In principle, as long as Xt is enough large. 
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FIG. 4: The power spectrum of curvature perturbation cor- 
responding to the evolutions of H in Fig.(|3|, respectively. 



the spectrum can be scale invariant for any A. It seems 
there is a cutoff kcutoff in FiglU however, which appears 
is because initially there are some perturbation modes 
outside of the horizon. This cutoff can be changed with 
the difference of the initial parameters in the numerical 
calculation. 

Then we consider the parametrizations of a in 
e.g.Ref.|29| for asymptotically phantom dS universes. 
The first is 
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where xo,Xf,b are constant and Xf > xq. The second is 
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where cc/, 7 are constant, and the parameter v varies from 
0(t = to) to l(t — >■ 00). In Ref . [29| . the realizations of 
field theory have been given. Here, what we require is 
only the evolutions of a. In fact, both cases have similar 
behavior. The parameter H grows at the beginning and 
asymptotically tends to constant at late time, see FigjS] 
The power spectrum is plotted in FiglHl The spectrums 
are nearly scale invariant and are slightly blue tilt. We 
see that the smaller Xf is for the parametrization (I2n|) . 
the fiatter the spectrum is, and the smaller 7 is for the 
parametrization (j22p . the flatter the spectrum is. 

We see that for all considered parametrizations, the 
power spectra of perturbations are nearly scale invariant, 
but slightly blue tilt. The results are determined by the 
asymptotical behavior of the evolution of a, which reflects 
how the state parameter w the phantom field approaches 
— 1. In principle, there might be a classification of the 
parametrization of a in term of its giving the spectral 
tilts, which might be interesting for further studies. 




FIG. 5: The evolution of H. The upper panel corresponds 
to the parametrization (|2U|I for xo = l,b = l,Xf — 10, and 
the lower panel corresponds to the parametrization (|22l) for 
Xf = 0.001,7= 10 
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FIG. 6: The power spectrum of the curvature perturbation. 
The upper panel correspond to the parametrization (|20[) for 
b = l,Xf — 5 (solid line), b = l,Xf — 10(dotted line), 6 = 
1.5, Xf = 4(dashed line) and the lower panel correspond to 
the parametrization (|22|) for Xf — 0.001 and 7 — 10(solid 
line), 7 = 15(dashed line) ,7 = 20 (dotted line) , respectively. 



IV. CONCLUSION AND DISCUSSION 

In effective actions of some theories, the phantom field 
naturally appear, which might be a suitable simulation 
of a fundamental theory below certain physical cutoff. 
The cosmology with the phantom field has been widely 
studied. 

In little rip scenario, the current acceleration of uni- 
verse is driven by the phantom field with w < — 1, the 
energy density of the phantom field will increase without 
bound, but since w tends to -I asymptotically, there is 
not the rip singularity at finite time. This indicates that 
in little rip phase, the phantom field will inevitably ar- 
rive at a high energy scale at late time, and at this time 
it can have w ~ — 1, which corresponds to a period of 
phantom infiation. Thus if the exit and the reheating 
happens before the rip singularity of the universe is ar- 
rived, the phantom infiation in little rip phase might be 
responsible for the coming observational universe. Here, 
we have showed this possibility. 

We have calculated the spectrum of primordial per- 
turbation during phantom infiation in different little rip 
scenario and asymptotically phantom dS universes, and 
found that the results may be consistent with observa- 
tions. In normal inflationary models, the spectrum of 
tensor perturbation is slightly red. While the phantom 
inflation predicts a slightly blue spectrum of tensor per- 
turbation, which is distinguished from that of normal in- 
flatioiiary models, but may be consistent with observa- 
tions (HflUll. 

Here, the calculating method for the primordial per- 
turbation is applicable for any parametrization of a. As 
long as w < — 1 is satisfied in high energy regime, the 
spectrum will be scale invariant. However, in big rip sce- 
nario, the big rip singularity requires wpha < ~1, the pri- 
mordial spectrum is scale invariant only if wpha is nearly 
around —1. 

Wc can imagine that after the available energy of the 
phantom field is released, it might be placed again in ini- 
tial position of its effective potential, and after the hot 
"big bang" universe evolves into the low energy regime, 
this field might dominate again and roll up again along 
its potential, the universe comes again to the little rip 
phase and the phantom inflation recurs. This brings a 
scenario |52| . |53| . j54| . in which the universe expands aU 
along but the Hubble parameter oscillates periodically. 
In this scenario, we live only in one cycle, the current ac- 
celeration with w < —I might be just a start of phantom 
inflation responsible for the observational universe in up- 
coming cycle, and the universe recurs itself. It might be 
interesting to see whether this scenario is altere d by the 
evolution of perturbation on large scale, e.g.[55f.|5a|. 

It is generally difficult to foresee the future of our 
universe, since there are lots of the evolutions or the 
parametrizations of w, which may be consistent with the 
current observations but have different aftertime, e.g.[57J. 
However, if the universe is recurring, the observations for 
the primordial perturbation might help us to see the 'to- 



morrow' of our universe. 

Here, the recurring time is determined by the potential 
of the phantom field. However, if there is a large step in 
its potential, which straightly joint the current low en- 
ergy regime to the regime of phantom infiation, this time 
will be abridged. This might leave an observational ef- 
fect in upcoming universe, e.g. a lower CMB quadrupole, 
which will be showed in later work. 
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Appendix:A 

The little rip phase will result in the disintegration of 
bound structures, e.g.[23|. The acceleration of the uni- 
verse brings an inertial force on a mass m as felt by a 
gravitational source separated by a comoving distance I, 
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(24) 



where Mp/87r — 1 and the energy density p{a) is the 
function of the scale factor. It is convenient to introduce 
dimensionless parameter 



Ipia) + p'{a)a 
Po 



(25) 



where po is the dark energy density at the present time. 
The disintegration time of bound structures can be calcu- 
lated by applying Eq.(|25l). In RefijH], it is fouiid that the 
system of Sun and Earth disintegrates when Fin reaches 
-- 10^^. Thus at this time 



p(a) - lO^^po - 10-^"" « p^nf, 



(26) 



where pinf ~ 10~^^ is the infiationary energy density. 
Thus the time before the phantom infiation is far larger 
than the remaining time for the dissolution of bound 
structure. 



AppendixrB 



We consider the potential as 

VMi^) = lM^<t>' (l + /3tanh(^^|^)) . (27) 

This potential has a step at (j)step- The parameters /3 and 
A determine the height and width of this step. Though 
there is an abrupt change of the evolution of the phan- 
tom field due to the exist of step, the phantom field will 
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FIG. 7: The power spectrum of curvature perturbation for 
the phantom inflation with the potential (|27p . The solid and 
dashed lines are those without and with the step, respectively. 



climb up continuously through the step while the phan- 
tom inflation will not be ceased. 



The power spectrum for the phantom inflation with 
this potential is plotted in Figl?] The spectrum is scale 
invariant. The step in the potential will result in a burst 
of oscillations, and the magnitude and extent of oscilla- 
tion are dependent on the height and width of the step. 
These oscillations might provide a better fit e.g.[58j.[59i- 

The normal infiation model with the same potential 
has a red spectrum n-ji < 1, while the phantom inflation 
has a blue spectrum n-ji > 1, since 
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However, we can have the models of the phantom infla- 
tion with riTz < 1. We consider an alternative potential 
as Vq + Vm, in which Vm is Ea. (P7|) and Vq is constant 
dominating the potential. Here, 
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FIG. 8: The power spectrum of curvature perturbation for the 
phantom inflation with the potential Vq + Vm. The solid and 
dashed lines are those without and with the step, respectively. 



and both are negative. Fig |8] shows that the spectrum is 
scale invariant, but has a slightly red tilt. 
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